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A boundary-value problem in the theory of propagation of a f ine-sca le  turbulent flame is in- 
vestigated, taking into account the influence of tempera ture  and concentrat ion pulsations on 
the magnitude of the heat l iberation rate .  In contrast  to [1], the ease when a second-order  r e -  
action p roceeds  in the flame is examined in detail. Conditions are found for the existence of 
a turbulent flame; the s t ruc ture  of the flame front is studied by a computational method. A 
change in the p r o g r e s s  of the reaction is d isc losed near the propagation limits.  

1. M a t h e m a t i c a l  F o r m u l a t i o n  o f  t h e  P r o b l e m  

It has been shown in [1] that under the condition of equality of the laminar  t ranspor t  coefficient and 
their  turbulent ana logs  and without taking accour~ of the thermal  expansion of the medium (constant density) 
the following boundary-value problem should be solved to find the turbulent combustion ra te ;  given the 
equation 

dp / du = O / p - -  o)~ (0<u<l) (1.1) 

and the boundary conditions 

p(O) = 0 ,  p ( l )  = 0  tl.2) 

whe re 

20 ~= 2(I)~ ---- (u ~- Fp)' exp [ t~0~ (u + Fp).] _ (u -- Fp)' cxp [ t~ 0,~ (?u-- Fp). ] 
(u-~.Fp) k - -  [ - -  PJ 

2;.D = 0 (a<u..<l) 
F > 0 ,  0 o > 0 ,  0 < ~ < 1  

(o < u.< e) 

Find the unique value cc I >0, if it exists ,  for which the solution of (1.1) will satisfy the conditions 
(1.2). 

Here u, p. (P, and w 1 are  respect ively  the d imensionless  t empera ture ,  t empera ture  gradient,  mean 
chemical react ion ra te ,  and velocity of flame propagation. The pa rame te r s  F, 0~ a are known. The re la -  
tion between the d imensionless  and dimensional quantities is given in [1]. 

2. E x i s t e n c e  a n d  U n i q u e n e s s  

Two solutions issue from the point (0.0), which is singular for tl.1). Only the positive solution for  
which 

dp 
d--; (0) = 0 re. 1) 
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which h a s  p h y s i c a l  m e a n i n g ,  w i l l  be  e x a m i n e d  be low.  

F i r s t ,  l e t  us  i n v e s t i g a t e  the  p r o p e r t i e s  of the so lu t ion  of the Cauchy p r o b l e m  

dp / da = q)~ / p - -  o), p (O) = 0 (2.2) 

The  s u b s c r i p t  in w 1 wi l l  be o m i t t e d  to cut  down on w r i t i n g .  

P r o p o s i t i o n  1. Le t  (0, u , )  be the  d o m a i n  of uncon t inuab le  s o l u t i o n s  of  (2.2). Then  t h e r e  e x i s t s  a k 
= k ( u , ,  ~o, F )>  0, such  tha t  the  i nequa l i t y  p(u) - ku 2 >0 wil l  be s a t i s f i e d  in the d o m a i n  m e n t i o n e d .  The  quan-  
t i t y  k i s  h e r e  found jus t  a s  in [1]: 

t 
k =- ~ , { - -  (o) - -  A F u , )  -4 [(o) -t- A F u , )  2 + 2Au, l',} 

l 
�9 \A .-= "-~- exp 1_1 . - zu , J ]  

E x a c t l y ,  a s  in [1], t h e r e  fo l lows  f rom th i s  p r o p o s i t i o n  

lira (u + Fp) = t/(~ 
u ~ u ,  

P r o p o s i t i o n  2. F o r  e v e r y  F t h e r e  e x i s t  such r for  which the d o m a i n  of the uncon t inuab le  so lu t i on  
~0, u,) of  (2.2) i s  such that  u ,>e .  

The  i nequa l i t y  

[ OoFp \ 
r .~  ( ~  --  F2p ~-) exp \ t + ~Fp ] = (I)2 (Fp)  

i s  v a l i d  in the  d o m a i n  p > 0 ,  0<u<  ~. 

Hence ,  i n t h e  d o m a i n  u n d e r  c o n s i d e r a t i o n  the so lu t ion  of (2.2) wi l l  not e x c e e d  the so lu t ion  of the  e q u a -  
t ion  

dp~ / du = cl) 2 (Fpa) / p~ - -  o ,  p~ (O) = 0 

F o r  su f f i c i en t ly  l a r g e  w, the  equa t ion  

(I) 2 ( F p )  - -  o)p = 0 [2 .3)  

�9 p+ h a s  p o s i t i v e  r o o t s .  Le t  p+ be  the l e s s e r  r o o t  of (2.3) E v i d e n t l y ,  Pl < P+, and s ince  t e n d s  m o n o t o n e l y  to 
z e r o  a s  w i n c r e a s e s ,  then  s t a r t i n g  with s o m e  v a l u e  of w, the  i nequa l i t y  

p+ ~< F-I (~-1 _ ~) 

i s  s a t i s f i e d .  

F o r  t hose  w, for  which the l a s t  i n e q u a l i t y  i s  t r u e ,  u , >  a .  Indeed ,  if i t  i s  a s s u m e d  that  u , ~  a ,  then we 
ob t a in  

t I t  , p+ I 1 t  ) t ( I ) _  1 lira ( p - - p * ) =  i----:- I ~ u , )  > / - - 2 - - . - - u - - u ,  - - - - f - \ ~  - ~ - ( ~ - - u , ) ~ 0  

which i s i m p o s s i b l e ,  s ince  p < p+. 

R e m a r k .  A so lu t ion  of the  Cauchy  p r o b l e m  (2.2) a l w a y s  e x i s t s  in the d o m a i n  (0,1) b e c a u s e  o f p r o p o s i -  
t ion  2. 

When p (1) t u r n s  out  to be p o s i t i v e  for  s o m e  ~ ,  i t  i s  n e c e s s a r y  to i n c r e a s e  o~ unt i l  the s econd  cond i -  
t ion  of  (1.2) i s  s a t i s f i e d .  When p(1) = 0, i t  i s  n a t u r a l  to d i m i n i s h  w. It can hence  tu rn  out  that  p(u) r e a c h e s  
the  l ine  u~ F p  = 1/c~ b e f o r e  p [ l )  v a n i s h e s ,  and,  t h e r e f o r e ,  i t  i s  i m p o s s i b l e  to s a t i s f y  the second  condi t ion  of 
(1.2). I t  wi l l  be shown be low tha t  t h i s  l a t t e r  c a s e  i s  r e a l i z e d  for  F e x c e e d i n g  some  l i m i t  F ,  fo r  any 0 < cr < 1. 
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Let us consider the particular case (r = 0. The assumption that either the solution of the Cauchy prob- 

lem (2.2) has a vertical asymptote for u <- ~, or p(1) < 0 if the solution exists in the whole domain ~0, ~], is 
false. Hence, for (r= 0 a solution of the boundary-value problem (1.1), (1.2) exists for any F and is, more- 

over, unique by virtue of the monotonicity of the function p(1) = p (r I). 

Proceeding to the proof of the existence of the limit value F , ,  let us keep the inequality 0 < ~< 1 in 

mind. 

Let us show the existence of an F I such that for any F -< F1 there exists a unique w for which the solu- 

tion of the boundary value problem (I.I), (1.2) exists. 

To determine FI, let us use the same system as in [1] 

p+ (~) .= F ~ (a  -t  - -  e),  p -  (e) ~ o) (1 - -  e) (2.4) 

w h e r e  p -  (u) and p- tu)  a r e  de f ined  in the  d o m a i n  (0, ~),  and 

Le t  u s  t ake  the  l o w e r  bound ob t a ined  in p r o p o s i t i o n  1 (p - (u )=  ku 2) a s  the funct ion p- (u) .  

The so lu t ion  to (2.3) y i e l d s  the  funct ion p+, but s ince  th i s  so lu t ion  has  not s u c c e s s f u l l y  been  ob ta ined  
e x p l i c i t l y ,  le t  u s  add the  fo l lowing  equa t ion :  

dP~. ( F p  +) - -  o)p + : 0 

to the  s y s t e m  (2.4). 

Solving the  s y s t e m  (2.4) in con junc t ion  with the l a t t e r  equa t ion ,  we find F~. H e r e  and h e n c e f o r t h ,  when 
the e s t i m a t e s  a r e  c o n s i d e r e d  on ly  in the d o m a i n  (0, ~), then e i s  s u b s t i t u t e d  in p l a c e  of u ,  in the e x p r e s s i o n  

f o r  A and k. 

Now, l e t  us  show the e x i s t e n c e  of an F 2 such tha t  for  a l l  F > - F 2 no so lu t ion  of  (1.1) s a t i s f y i n g  c ond i t i ons  

( l .2)  e x i s t s .  

The  s y s t e m  

Fr - -  t / ~ - -  ~ F p -  (s)  > 1 i - ~  ' -~---~ (2.5) 

is  used  in [1] to find F 2. 

l , e t  p-(u)  = ku ~, then F 2 e x i s t s  only  when ~> 2/3c b e c a u s e  the s y s t e m  (2.5) h a s  a so lu t ion  only fo r  t h e s e  

Hence .  to p r o v e  the e x i s t e n c e  of  F:~ for  ~]I 0 < o< 1 be low,  a d i f f e r e n t  m e t h o d  of  c o n s t r u c t i n g  the l o w e r  

bound i s  p r o p o s e d .  

If  the new nota t ion  

Pp=[, ( ~ - ' - ~ ) / ( 1 - - ~ )  = 

i s  i n t r o d u c e d ,  then the p r o b l e m  of f inding F z r e d u c e s  to c o n s t r u c t i n g  the l o w e r  bound U(u) fo r  the equa t ion  

d~ F ~ o ,  (u, ~) d--~- = ~ - -  5, ~ (0) = 0 ~2.6) 

such that the inequality 

would be s a t i s f i e d .  

Let  us  d i v i d e  the d o m a i n  (0, e) into two (0. u,q) and (u 0' a). 
d o m a i n  (0, u 0) such tha t  k l, u 0 would s a t i s f y  the  inequa l i t y  

Let us construct a function 41 = k lu 2 in the 
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I - (0o + a) uo (t + k~Uo) > 0 t2.7) 

F u r t h e r m o r e ,  l e t  u s  d e m a n d  tha t  k I s a t i s f y  the  i n e q u a l i t y  

i ----- 2F*(I), (a, D - 2 ~  - -  4klu[  [r > 0 (2.8) 

fo r  al l  u E (0, u0]. 

T a k i n g  (2.7) in to  a c c o u n t ,  we have  

1 > 

i ----~-~u,,(Y ~.~o)J  - -  2c.k~ - -  > 

> u 2 {F 2 [t - -  (0o - .  ~) Uo (t + kluo)] - -  2~kl - -  4kl~uo} 

The  i n e q u a l i t y  (2.8) wi l l  be  s a t i s f i e d  if k 1 i s  a p o s i t i v e  r o o t  of  the  e q u a t i o n  

F 2 [t - -  (00 - -  ~) Uo (1 -i- k~uo)] - -  2 a k l  - -  4k12u0 = 0 

F o r  c o n v e n i e n c e  in the s u b s e q u e n t  c o m p u t a t i o n s ,  l e t  u s  t ake  k 1 a s  a l e s s  a w k w a r d  e x p r e s s i o n  and l e s s  
t h a n  the  p o s i t i v e  r o o t  of  t h i s  e q u a t i o n  

1 ,'2 [t -- (0,, 4- ~) uo] 
k l  ~ 2~ -,- 2F T FMc3 (Oo-v ~) 

T a k i n g  in to  a c c o u n t  tha t  in  the  d o m a i n  (u 0, ~) 

(1), > A (u - -  ~)2 > A (~2 _ 2u~) 

le t  u s  c o n s t r u c t  the  f u n c t i o n  

~2(u)= ~ +2u~- -- exp a +21 

which  i s  a s o l u t i o n  of the  e q u a t i o n  

dS, F2 A (r __ 2u~,..) 
d'---~ = ~.. a, ~2 (uo) = k , u J  

Le t  u s  s e l e c t  u 0 so tha t  the  i n e q u a l i t y  

[ ( ~-{-2 I] t --  3uo (0o ~- ~) 
l im k x u o * - -  ,2Uo- t -  AF* ]J= 0o-~-~ > 0  
F ~ a ~  

wil l  be  s a t i s f i e d .  

F o r  e x a m p l e ,  l e t  u s  t ake  

Uo < t /6  (0 o -4- o) 

E v i d e n t l y  t h e r e  i s  an  F 0 such  tha t  for  F >-F 0 

k l u o  ~ - -  (2% + ~ ~- 2 / i 
. - : i f i-]  > 4 (-[Y~o + :) (2.9) 

Le t  u s  show tha t  the  f u n c t i o n  
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